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1. Introduction 

Let (Af , g) be a complete Riemannian manifold with infinite volume, we de- 
note by A = its Laplace operator, it has an unique self-adjoint extension on 
L^(M, c? volg) which is also denoted by A. The Green formula and the spectral 
theorem show that for any (p £ C^(M) : 

lld^lli. =(A^,^)=||Ai/V||i.; 

hence the Riesz transform T :— dA~^/^ extends to a bounded operator 

T : L^{M) -> L^{M-TM). 

On the Euclidean space, it is well known that the Riesz transform has also a 
bounded extension L'p{M) L'p{M\TM) for any p e]l,oo[. However, this is not 
a general feature of the Riesz transform on complete Riemannian manifolds, as 
the matter of fact, on the connected sum of two copies of the Euclidean space 
M", the Riesz transform is not bounded on for any p e [n, oo[n]2, oo[ ((HIZI). 
It is of interest to figure out the range of p for which T extends to a bounded 
map LP{M) — > Lp{M;T* M). The main result of [2] answered to this question for 
manifolds with Euclidean ends : 

Theorem A. Let M be a complete Riemannian manifold of dimension n > S which 
is the union of a compact part and a finite number of Euclidean ends. Then the 
Riesz transform is bounded from LP(M) to LP{M;T* M) for I < p < n, and is 
unbounded on for all other values of p if the number of ends is at least two. 

The proof of this result used an asymptotic expansion of the Schwarz kernel of 
the resolvent (A + fc^)^^ near fc ^ 0. In using cohomology, we also find a 
criterion which insures that the Riesz transform is unbounded on : 

Theorem B. Assume that (M,g) is a complete Riemannian manifold with Ricci 
curvature bounded from below such that for some v > 2 and C > (M, g) satisfies 
the Sobolev inequality 

and 

(1.1) Vx e M,W > 1, vo\B{x,r) < Cr" . 

If M has at least two ends, then the Riesz transform is not bounded on for any 
p> V 
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Let {N,go) be a simply connected nilpotent Lie group of dimension n > 2 (en- 
dowed with a left invariant metric) . According to we know that the Riesz trans- 
form on (N,go) is bounded on for every p s]l,oo[. Let v be the homogeneous 
dimension of N; for instance we can set 



o G N being a fixed point. Let {M,g) be a manifold isometric at infinity to fc > 1 
copies of (iV, (7o)- That is to say there are compact sets K C M and Kq C N such 
that (M \ K,g) is isometric to k copies of {N \ KQ,go). According to [H] we know 
that on {M,g) the Riesz transform is bounded on for p 2]. And the theorem 
|B]says that the Riesz transform is not bounded on when p> v. In [7], we make 
the following conjecture : Show that the Riesz transform on (M, g) is bounded on 



The main result of this paper gives a positive answer to this conjecture ; in fact 
we obtain a more general result concerning the boundedness of Riesz transform for 
connected sums, under some mild geometrical conditions : 

Theorem C. Let (Mo,(7o) be a complete Riemannian manifold, we assume that 
the Ricci curvature of (Mo^go) is bounded from below, that the injectivity radius 
of (A/q, (?o) is positive and that for some v > 3 and C > 0, (Afo,3o) satisfies the 
Sobolev inequality 



If on (Afo, go) the Riesz transform is bounded on for some p then 
the Riesz transform is also bounded on for any manifold M isometric at infinity 
to several copies of {Mq, go). 

Moreover under a uniform upper growth control of the volume of geodesic balls 
(such as ULII) ). the result of implies that the Riesz transform is bounded on 
M for any p g]1,2] ; hence the restriction of p > v/{v — 1) is not really a serious 
one. Our method is here less elaborate than the one of (3, its give a more general 
result but it is less sharp : there are two restrictions : the first one is the dimension 
restriction v > i which is unsatisfactory and the second concerns the limitation 
p < u which is perhaps also unsatisfactory when M has only one end. However 
there are recent results of T. Coulhon and N. Dungey in this direction 

There is now a long list of complete Riemannian manifolds {Mq, g^) on which the 
Riesz transform is bounded on for every p oo[ and satisfying our hypothe- 
sis. For instance Cartan-Hadamard manifolds with a spectral gap ,19^, non-compact 
symmetric spaces |3] and Lie groups of polynomial growth PP, manifolds with non- 
negative Ricci curvature and maximal volume growth J* (see the discussion at the 
end of the proof of theorem El about the case of manifolds with nonnegative Ricci 
curvature and non maximal volume growth). Also H.-Q. Li |18j proved that the 
Riesz transform on n-dimensional cones with compact basis is bounded on U' for 
p < Po, where 



where Ai is the smallest nonzero eigenvalue of the Laplacian on the basis. Note that 
Po > n. Our proof also applies to manifold isometric at infinity to several copies of 



u = lim 



logvol B{o,R) 
logi? 



LP forpe]l,i^[. 
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cones, hence our theorem ICl also gives a partial answer to the open problem 8.1 of 

m 

Corollary 1.1. // {M,g) is a smooth Riemannian manifold of dimension n > 4 
with conic ends, then the Riesz transform is bounded on for any p n[. 

2. Analytic preliminaries 
2.1. A Sobolev inequality. 

Proposition 2.1. Let [M,g) he a complete Riemannian manifold with Ricci curva- 
ture hounded from helow and with positive injectivity radius, then for any p g [1, oo], 
there is a constant C such that for all Lp e C'^{M) 

\\df\\L.<C[\\\f\\L. + \\f\\LA- 

Remark 2.2. i) T. Coulhon and X. Duong have shown that for every com- 

plete Riemannian manifolds and any p g]1,2], there is a constant C such 
that 

V/GC6-(M),||d/||i, <C||A/|Up||/||l.. 
When p e]l, 2], this is clearly a stronger result. 

ii) We don't know whether our geometric condition are necessary. 

iii) This lemma belongs to the folklore, see for instance Tf for the same idea. 
E.B. Davies has proven this result for manifold with bounded geometry (see 
corollary 10 in [QjV 

Proof. According to the results of Anderson-Cheeger P], there is a r^/ > de- 
pending only on the lower bound of the Ricci curvature and the injectivity radius 
such that for any x G M there is a harmonic coordinate chart on the geodesic ball 
B{x,rH) ■■ 

H : B{x,rH) ^ K" 

with H{x) = 0, 

||i?*g-eucl||^i < C 

and 

-eucl < H*g < 4eucl, 

where eucl denotes the Euclidean metric on M". Let An = — the Euclidean 

Laplacian and 

^-'^ dxidxj 

be the Laplacian of the metric g = Hi,g on H{B{x, rn))- We define Ur — H{B{x, r)) 
and Vr = B{0,r) the Euclidean ball of radius r, we have 

Vr./2 C C/r C 

Moreover, on Vr we always have the Sobolev inequality 

V/ e C^\K),r'\\d^f\\L. + r\\df\\LP + II/IIl. < C{n,p) [r^Aofh. + • 
But by hypothesis if r < and / £ C^{Vr), we have 

||Ao/||lp < ||A/|Up + ||(Ao - A)/|Up < IIA/IU. + CV^Wd^fh. 
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Hence there is a ro > depending only on p, n, on the lower bound of the Ricci 
curvature and on the injectivity radius such that for any r < ro 

V/ e C^iVr) : Ad^fhp + r\\df\\LP + II/IIlp < C [r-^WAfU. + ||/||lp 
But on the metric g and eucl are quasi isometric, hence 



V/ e C^iVr) : r||d/||LP < C r^\\Af\\LP + ||/|| 



LP 



where all the norms are now measured with respect to the norms associated to the 
metric g. Coming back to (M, g), we have proved that there is constants p > and 
C such that for any a; e M, 

V/ e C^{B{x,p)), ||d/|Up(B(.,rt) < C [||A/|Up(b(,,4p)) + ||/||lp(b(.,4p))] ■ 

Now a classical covering argument using the Bishop-Gromov estimate implies 
the desired result. □ 

2.2. Some estimate on the Poisson operator. 

Lemma 2.3. Let (ill, g) be a complete Riemannian manifold which for some v > 2 
and C > satisfies the Sobolev inequality : 

V^eCer(M),C||^||^^ < lld^lU. 

then the Schwarz kernel Pc{x,y) of the Poisson operator e^'^^^ satisfies 

Ca 



Moreover if 1 < r < p < +oo then 



{a^+d{x,y)^y 



< 



C 



We know that the heat operator e~*^ and the Poisson operator are related 
through the subordination identity : 

dt 



-crVA _ 



— — — tA 

e « e 



^3/2- 



Hence these properties follow directly from the corresponding ones for the heat 
operator e"*"^ and its Schwarz kernel Ht{x,y) : 



Htix,y)<j;;j^e 



and if 1 < r < p < +cx3 then 



-tAI 



+Lp 



< 



c 



t^ 



which are consequences of the Sobolev inequality pUlin] . 

We will also need an estimate for the derivative of the Poisson kernel : 

Lemma 2.4. Under the assumptions of lemma {2.4}) , let fl C M be a open subset 
and K be a compact set in in the interior of M \ Q then 

C 



tVA 



< 



Lp{n)^L-^{K) ~ {l + ay/p'' 
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Ve" 



< 



C 



Proof. The first identity is only a consequence of the first lemma. To prove the 
second inequality, we will again only show the corresponding estimate for the heat 
operator. First, according the local Harnack inequality (see V.4.2 in ^2), there is 
a constant C such that for any x E K, t g]0, 1] and y £ M : 

\VMx,y)\ < -^i?2t(x,y). 

But by assumption there is a constant e > such that for all {x,y) £ K x ft then 

d{x,y) > £ 

hence for a\\ {x^y) £ K x Q. then 

H2t{x,y) < ^e-w, 

we easily obtain that there is a certain constant C such that 

e]0, 1] : ||Ve" 

Now assume that t > 1 : 



-tAU 



Ve 



-tAI 



< 



Ve 



But we have 



And because 



-(t-i)A 



L°°(A//)^L°°(/f) 



< 



LP(n)^L°°{M) 



LP(n)^L=c(Af) ~ (t-l/2)'^/P 



sup / \'^xHi/2ix, y)\dy < C swp Hi{x,y)dy<C. 

xGKJm xGKJm 



we get the desired result. 



□ 



3. Proof of the main theorem 

Let (Mo,(?o) be a complete Riemannian manifold, we assume that the Ricci 
curvature of (Mq, 50) is bounded from below , that the injectivity radius of (Mq, 50) 
is positive and that for some > 3 and C > 0, that {M,g) satisfies the Sobolev 
inequality 

We assume that on (Afo,5o) the Riesz transform is bounded on for some p S 
— And we consider M a complete Riemannian manifold such that 

outside compact sets K C M and Kq C Mq, M \ K is isometric to k copies of 
Mq \ Kq. We are going to prove that on M the Riesz transform is also bounded 
on LP. The first step is to build a good parametrix for the Poisson operator on 
M. The first problem is that the operator -\/A is not a differential operator, we 
circonvent this difficulties by working on M+ x M. As a matter of fact, the Poisson 
operator solves the Dirichlet problem : 

+ a) u(cr,x) = on]0,oo[xM 
S u(0, x) — u{x) 
limo-^oo u{a, .) = 
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The construction of the parametric will be standard, the nature of the operator 
•\/A implies that we can not used the Duhamel formula, instead we used the Green 
operator. The idea is to find an approximate solution for this problem E{u) and 
then to used the fact that if G is the Green operator of the operator — + A for 
the Dirichlet boundary condition then 

e— = E{u) + G{-^ + A)^(u). 

3.1. The parametrix construction. Let i^T be a another compact set in M con- 
taining K in its interior. Let Ei, ...,Ei, C M be k pieces of M \ K, each one being 
isometric to AIq \ Kq. Let po: ■••i Pi a smooth partition of unity such that 

supp po C K and Vi > 1 , supp pi C Ei 
Let also iy9o, be smooth function, such that 

supp (fio C K and Vi > 1 , supp tpi C Ei 
We moreover require that 

^iPi = Pi- 
Lei Aq be the realization of the Laplace operator on K for the Dirichlet boundary 
condition. And let A^ be the Laplace operator on the copy of Mq. Let e~'^''^ 
its associated Poisson operator then we define for u E LP{M): 

b 

E{u){o)^Y.^,{e-''^^p,u). 

1=0 

We can easily computed : 
da- 



A ) E{u) = ^[A, ^,](e-'^^p.u) = /(cT,x) = /^('^' 

1=0 i=0 



where 

h{a,x) = [A,(^,](e-"^p,u)(a;) = A(^,(x)(e-"^p,u)(2;)-2^d(^,(a:),d(yA;p,u)(a;)) 
From the lemma ITU we easily get for i > 1 and all cr > 0: 

(3.1) m^)\\L- + \\.h{^)\\L. < j]^^\\pM\lp. 

Let's us explain why this estimate also hold for /q. Note that the operator 

5(a) = [A,^]e^^po 

is a operator with smooth Schwarz kernel and proper support, moreover it is 
bounded when cr — s- 0. Hence there is a constant C such that 

Vcr e [0, 1], \\S{a)pQu\\L'^ < C\\pou\\lp- 

Now the operator Aq has a spectral gap on (its spectrum is also its 
spectrum), hence there is a constant C such that for all ct > then 

Hence for <t > 1 : 

\\S{a)u\\L^ < |l[A,^]e^v^|Up_L~||e-(--i/2)V^po^^||L. < Ce-^/''\\pou\\L.. 
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The result follows by noticing that the fi have compact support in K\K. Eventually 
we obtain the estimate : 



Lemma 3.1. When u e U'{M) and let S{u) = / then 



Va>0, \\S{u)\\li + \\S{u)\\l. < 



C 



\u\\lp- 



(1 + cry/p ' 

3.2. The Riesz transform on M. We introduce now G the Green operator on 
M_l- X M for the Dirichlet boundary condition. Its Schwarz kernel is given by 



G{a,s,x,y) = 







e -1' 



Ht{x,y)dt 



where Ht is the heat kernel on M and 



e 4t — e -It 



the heat kernel on the half-line M+ for the Dirichlet boundary condition. We have 



e-'^'^u = E{u){a) + G{S{u)). 



Hence 



A^^/^u = / e^'^^uda = 'S^ipiA^ piU + / G{a, s,x,y)f{s,y)dudsdy. 
Jo JrIxm 



But 



1 r'^ 




VItt Jo 


[£ 











Ht{x,v) 



dt 



Ht{x,y)dt 



dr 



Let 



G{a, s, X, y)/(s, y)dadsdy 



xM 



(e-'^/(s))(a;)dt 



drds. 



so that 



i=0 

The following lemma is now the last crucial estimate: 

Lemma 3.2. There is a constant C such that 

\\^9\\lp + \\9\\lp < C\\u\\lp. 

Proof. Recall that according to [S] , {M, g) itself satisfies the same Sobolev inequal- 
ity : 
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Hence the heat operator satisfies the fohowing mapping properties : for 1 < 
p < +00 we have 

C 



-iAI 



i 2 v<i p> 



As a consequence, for all t G [0, 1], then 



e-*^/(s))|U. < \\f{s))\\L. < 



C 



(1 + sy/p 



and if t > 1, then 



e-*^/(a))IU. < ||e-*^||^.^^. ||/(s))|U. < ^^^^^^^^ M,., 



(1 + sy/p 



Hence 



\\g\\Lp < ^ / e 



JR2 Jo 



e-*^/(s))|U.rft 



< — 

Jo 

But because p < v, we have 



C 



dsdr 



max 



{2' 



rVi<s} max^l,t*(^ (1 



dsdtdr 



^-pJrI max(l,t^(i-i;)) (1 + 2rVi)''/f-i 

and this integral is finite exactly when p > vjiv — 1) and v > 2>. 
It remains to estimate ||A£f||i:,p, this is easier because 



dtdr 



Ag = 



/TT Jm2 



2 

> d 



drds 



Hence 



IIA^IIl. < 



fis)-ie-^^f{s)) 

e-'-'\\f{s)\\Li'drds 
C . , 



drds 
drds 
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Now we can finish tlic proof of tlic main theorem : Let Ti be the Riesz transform 
associated with the operator Ai then we obtain 

6 b 

dA~^/^u = ^2 ViTiPiU + ^ dipi (A^^^'^piu) + dg. 

i=0 1=0 

By hypothesis, Ti is bounded on for all i > 1. Moreover ipoTipo is a pseudo differ- 
ential operator of order with proper support it is also bounded on L^. Moreover, 
the Sobolev inequality 



also implies the following mapping properties of the A,. 



-1/2 



m) 



a; 



-1/2 



< c. 



Hence 



dipiiA'^ 



-1/2 



< C\\A-'/^pM\LPiK) < < C\\pM\lp. 



Moreover the lemmas (|3.2() and H2.1() implie that 

\\dg\\Lp < C\\u\\lp 

All these estimates yield the fact that the Riesz transform is bounded on L^. 

3.3. A comment on manifold with non negative Ricci curvature. The proof 
of theorem C is fairly general, we can easily make a list of the properties which 
make it runs ; let {Mi,gi) i = 1, be complete Riemannian manifolds and let 
{M,g) be isometric at infinity to the disjoint union AIi U ... U Ah. That is to 
say there are compact sets K C A/, Ki C Mi such that M \ K is isometric to 
(Ml \ Ki) U ... U {Mb \ Kb). Let K C K such that K (resp. K) contains K in its 
interior (resp. K). And let Ki,Ki C Mi such that : 

M\K~ (Ml \ Ki) U ... U (Mb \ Kb), M\K~ {Mi \ Ki) U ... U (Mb \ Kb), 

let Ai be the Laplace operator on Mi. We assume that on each M^, the Ricci 
curvature is bounded from below and that the injectivity radius is positive, such 
that on each Mi and M, we get the estimate induced by the Sobolev inequality 



()2.1|) . Assume that for some functions /, g 



we have the estimate 



LP{Mi\Ki)-*L^(Ki) 

and that on the manifold M : 

II „-tA| 



Ve" 



-o-VA^ 



< 



1 



with 
(3.2) 

(3.3) 



e " min 1, 



OO 7 

ds 

< OO 



LP{M,\K,}^L'^(Ki) f{a) 
1 



/(s) 

1 

W) 



d.s 



uVt fis) 



dudt < OO. 
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Then if for all i, the Riesz transform Ti := dA^ is bounded on L^, then on 
M, the Riesz transform is also bounded on L^. 

A natural and well study class of manifolds satisfying such estimates are mani- 
folds satisfying the so called relative Faber-Krahn inequality: for some a > and 
C > 0, we have : 



i?2 \vol B{x,R) 
where 

X,{n)^ inf 

is the first eigenvalue of the Laplace operator on for the Dirichlet boundary 
condition. According to A. Grigor'yan jl4| this inequality is equivalent to the 
conjunction of the doubling property: uniformly in x and R > we have 

Y0lBix,2R) ^ 
vol B{x,R) - 

and of the upper bound on the heat operator 

Ht(x,y) < 5t 

^ - Yol B{x,Vi) 

Manifolds with non negative Ricci curvature are examples on manifolds satisfying 
this relative Faber-Krahn inequalities. 

Assume that each Mi satisfies this relative Faber-Krahn inequalities and if we 
assume that for i — 1, 6, there is a point Oi £ Ki and all i? > 1 

vol B{oi,R) := V^{R) > CR" 

then we get easily from the subordination identity : 



LP(Mi\Ki)^L^(Ki) 



Now the problem comes from the fact that we don't know how to obtain a relative 
Faber-Krahn inequality on M from the one we assume on the Mi's. However, 
recently in A. Grigor'yan and L. Saloff-Coste have announced the following 
very useful result (see also^) : when the M^'s satisfy the relative Faber-Krahn 
inequality then 

c / vol f2 

yB{x,R) C M,ync B{x,R), Ai(f7)> — 



nix,R) = 



i?2 \fl{x,R)^ 

Where 

vol S(a;, R) if B{x, R) C M \ K 
infill (i?) else 

Hence from our volume growth estimate, we will obtain (see |14p when t > I : 

Ir \\L^(K)^Lp(M) - ,!LPlll 

t 2 P 

With this result of A. Grigor'yan and L. Saloff-Coste and with the result of D. 
Bakry 0, we will obtain : 
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Proposition 3.3. Let (A/i, gi), {M,gb) be complete Riemannian manifolds with 
non negative Ricci curvature. Assume that on all Mi we have the volume growth 
lower bound : 

vol B{o„R) > CR". 

Then assume that v > 3 then on any manifold isometric at infinity to the disjoint 
union of the Mi 's, the Riesz transform is bounded on for all p jiv — 1), v\. 

Note that we have remove the hypothesis on the injectivity radius : as matter 
of fact the Sobolev inequality (|2.1|l holds on manifolds with non negative Ricci 
curvature (^J) ; then it is easy to show that this inequality also hold on M. 
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